We formulate a model of a semiconductor Quantum Dot laser with injection of spin-polarized electrons. As compared to higher-dimensionality structures, the Quantum-Dot-based active region is known to improve laser properties, including the spin-related ones. The wetting layer, from which carriers are captured into the active region, acts as an intermediate level that strongly influences the lasing operation. The finite capture rate leads to an increase of lasing thresholds, and to saturation of emitted light at higher injection. In spite of these issues, the advantageous threshold reduction, resulting from spin injection, can be preserved. The "spin-filtering" effect, i.e., circularly polarized emission at even modest spin-polarization of injection, remains present as well. Our rate-equations description allows to obtain analytical results and provides transparent guidance for improvement of spin-lasers.
I. INTRODUCTION
Experiments on semiconductor spin-lasers have demonstrated the potential of spintronics to go beyond the limits of devices relying solely on the carrier charge. [1] [2] [3] [4] These structures offer a practical path to realize spintronic devices, which could be useful for communications and signal processing, rather than limited to magnetoresistive effects. Spin injection into lasers is implemented optically, when circularly polarized light imparts the photons' angular momentum to the spin of carriers, 5, 6 or electrically, when a magnetic contact polarizes carriers entering the semiconductor.
1 Apart from the successful early demonstration of a spin-laser based on a bulk-like layer of GaAs, 7 most experiments in this field concentrated on structures with quantum well (QW) active regions, using optical pump, 2,8-10 electrical injection 3 or a combination of both. 4, 11 Recently, however, an (In,Ga)As/GaAs quantum dot (QD) spin-laser with electrical injection has been demonstrated, lasing at temperatures 100 K higher than its QW counterparts.
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QDs close a succession of reduced-dimensionality structures: quantum wells and wires, which have replaced bulk-like active regions of semiconductor lasers. 13 They allow to control the number and spin of carriers, as well as the quantum-confinement geometry.
14 A quantum dot spin-laser combines the potential of spin-polarized injection with the advantages of a QD-based active region, such as low threshold, robust temperature performance, and narrow gain spectra. 15, 16 In addition to these properties of conventional (spin-unpolarized) QD lasers, the long spin relaxation times, 17 characteristic for QDs, are advantageous for spin-lasers.
Spin-dependent effects in semiconductor lasers were studied at various levels of complexity.
1819-21 A transparent rate-equations (RE) approach to QW-based lasers has allowed to elucidate main consequences of the spinpolarized injection. 22 An important finding of this QW model is that the injection threshold J T , characterizing spin-unpolarized lasers, splits into two thresholds, J T 1 < J T 2 , when the injected carriers are spin polarized. When injection reaches J T 1 (majority threshold), the laser starts to emit photons with one helicity (circular polarization), the other helicity joining at J T 2 , at which minority-spin electrons reach the threshold density. Both experiments 2,3,9 and theory 20, 22 have demonstrated an important advantage of the spin-lasers over the unpolarized ones: J T 1 < J T , assuming that all other parameters are identical. The threshold reduction,
would be largest for fully spin-polarized electrons with infinite spin relaxation time, reaching as much as r = 5/9.
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According to the model, for any injection in the J T 1 to J T 2 interval, the laser acts as a "spin-filter", i.e., it emits circularly polarized light, even if the spin polarization of injected carriers is small. The relative width of this interval,
increases with the injected spin polarization. The "filtering" effect is another merit of spin-lasers, as it offers new opportunities for their dynamic operation. Modulation of injected spin polarization was shown to modulate the intensity of laser emission, even at a constant total injection, and to increase the modulation bandwidth.
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So far, theoretical description of spin-lasers has been essentially limited to QW-based models. To find distinguishing features of QD spin-lasers, in this work we formulate a model, which allows for analytical results and offers a direct comparison with the previous results for the QW spin-lasers.
2,3,9,22,23 Here, we focus on the parameters motivated by the experiments on (In,Ga)Asbased QD spin-lasers, 12,21 , 24 . It is, however, instructive to consider other possible materials for spin QW and QD lasers, since a variety of active regions has been used for their conventional (spin-unpolarized) counterparts. This choice can be guided by long spin relaxation time for electrons, which enhances the desirable spinlaser characteristics. 25 Longer spin relaxation times can result, for example, from a reduction of spin-orbit coupling, one of the main sources of spin relaxation. 1, 17 This can be achieved by choosing materials with light elements or by using different growth orientation in QWs.
10 Long spin relaxation times have been reported in CdSe/ZnSe (an example of a II-VI structure) self-organized QDs.
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Detailed predictive studies of the spin relaxation mechanisms in QDs 17,27 will serve an important role in future efforts in designing QD spin-lasers. It would also be interesting to consider active regions with magnetic doping, where the spin degeneracy of the lasing transition may be lifted. II-VI materials doped with Mn are a promising direction, since QD lasers based on II-VI structures have already been considered. 28 The problem of the Mn internal transition, which reduces the intensity of band-to-band transitions can be addressed by using ZnSe/(Zn,Mn)Te epitaxial QDs, 29 characterized by a relatively low fundamental transition energy.
A very interesing emerging field are lasers based on colloidal semiconductor QDs [typically II-VI, such as CdS, CdSe, ZnSe, and ZnTe. 30, 31 ] These nanostructures are easily synthesized, offer a large tunability of transition energies and a long spin-coherence time.
32 Some colloidal QD structures suffer, however, from the very fast (< 100 ps) non-radiative Auger recombination that hinders population inversion and is therefore detrimental for optical gain. This effect can be avoided by using the so-called type-II band alignment, in which spatial separation of electrons from holes significantly suppresses the Auger recombination. 33 Just like their self-assembled counterparts, collloidal QDs can be doped magnetically.
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II. RATE-EQUATIONS MODEL
The cavity of the QD spin-laser is in resonance with interband transitions between QD-confined levels.
12 Since the levels are derived from valence and conduction bands, a general description requires keeping track of both electron and hole populations, as previously shown both for bipolar spintronic devices, 35 and for QD spin-unpolarized lasers. 36 The QDs capture electrons and holes from energy levels of a two-dimensional QW-like wetting layer (WL), which acts as a reservoir of carriers.
37 , 38 Figure 1 depicts the level structure and the various processes represented by our REs, from carrier injection to photon emission. We describe the carriers by eight spin-resolved REs, coupled to two REs for two circular polarizations of stimulated emission: cf. Fig. 1 . The index w stands for WL and q for QDs, while α = n, p for electrons and holes, respectively. Equations (3) and (4) describe carrier occupancies, 0 ≤ f ≤ 1, in WL and QDs, related to the corresponding numbers of particles n wα and n qα :
Here N wα is the number of states in WL and N q is the number of QDs. The ratio κ α = N wα /N q , used in Eqs. (3) and (4), is an important parameter of the QD laser. 39 For simplicity, we assume that each QD hosts one double-degenerate level per species α. This can be realized only for electron levels in small enough QDs, 40 but we do not expect our results to be qualitatively changed upon inclusion of QD excited states. As long as the lasing transitions involve only QD-confined levels, the limited density of QD states and the limited capture rate will affect the spin-laser characteristics in the way discussed below. The ground state of holes is assumed to be formed predominantly from heavy-hole wavefunctions. The electron (hole) level is degenerate with respect to spin ±1/2 (angular momentum ±3/2) projection. Equations (5) is for photon occupancies, f S , of helici-ties ∓, defined as
where S ± is the number of cavity photons of the given helicity. Our sign convention for indices denoting the spin projections and helicities follows Ref. 22 . In Eq. (5), Γ is the optical confinement factor and τ ph is the photon cavity lifetime. The terms
represent carrier injection, carrier capture from the WL to QDs, and the inverse process of escape, respectively. J α± = (1 ± P Jα )J α is the number of carriers of α species injected into the laser per WL state of the given spin and unit time, with
The parameters τ cα and τ eα are the capture and escape times.
To correctly describe consequences of the small density of QD states, as well as saturation of the WL states at high injection, it is important to include in Eqs. (9)- (11) the Pauli-blocking factors, (1 − f ), of the WL and QD states. 39 These terms, omitted in some previous work on QD-based spin-lasers, 21 impede carrier transfer to states close to saturation. We find that they are particularly important in description of the limited QD occupancies, as shown below.
Defining γ = w, q, we write the spontaneous radiative recombination in Eqs. (3) and (4) as
where b γ gives the recombination rate. The spinrelaxation terms
equilibrate spin subpopulations with relaxation times τ sαγ . A realistic model of a steady-state or dynamic operation of spin-lasers, should reflect the different behaviors of electron and hole spins. 22, 23 Due to the strong spin-orbit coupling in the valence band, the spin polarization of holes is lost relatively quickly, i.e., τ spγ ≪ τ snγ , both in QWs (i.e., also in the WL) and QDs. 1, 9, 41 Therefore we assume that the holes, unlike electrons, are spinunpolarized, i.e., P Jp = 0 and f γp± = f γp , which implies I p+ = I p− in Eq. (9) . Additionally, the electron spin-relaxation in QWs is faster than in QDs, thus we take τ snq → ∞. This a very good approximation at low temperatures, 42 and it remains reasonable at room temperature, where τ snq reaches 1 ns.
43
The gain term in Eqs. (4) and (5)
describes coupling of the carriers and light, which gives rise to stimulated emission. The sign ordering in subscripts is consistent with the optical selection rules for interband transitions. 1 The constant g is independent of photon occupancies f S± , i.e., it does not contain the gain compression terms. 44, 45 In spite of that, our QD model naturally predicts light-output saturation due to the limited capture capacity of QDs, as discussed below. We note that, owing to the above-mentioned spin asymmetry between electrons and holes, the assumption f qn± = f qp± is not justified for P Jn = 0. Thus, an attempt to express, e.g., G + [Eq. (14) ] using only f qn+ (and f S− ), would lead to incorrect threshold values, even for the QW spin-laser model.
III. RESULTS
We focus on the steady-state regime, in which the total charge in the spin-laser is constant. This imposes a relation between J p = J p+ = J p− and J n± . One of the REs for carriers then becomes linearly dependent on the others, and we replace it with the condition of overall charge neutrality. In the spirit of the simple RE approach, we neglect carrier-carrier Coulomb interactions, which may become important at high injection. 46 We have obtained all formulas presented below by solving the REs analytically. To give simple expressions that offer insight into the behavior of the spin-laser, we assume Γ = 1, κ α = κ, R w± = 0, τ cα = τ c , and τ eα = τ e . 47 We have checked that the spontaneous-emission coupling to the lasing mode has a negligible effect on our results.
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Thus we set the coupling factor β = 0. This allows for an unambiguous determination of the laser thresholds.
To develop a preliminary understanding of the QD model of a spin-laser, we relate it to the simpler QW model, discussed in Sec. I. In the limit of τ c → 0 and τ e → ∞, f wα± vanish, as can be inferred from Fig. 1 . In this case, WL plays no role in the above QD model, which becomes "QW-like", i.e., similar (but not identical) to the QW model of Sec. I. We emphasize that it is not our goal here to compare the absolute thresholds of a QW-and a QD-based laser. Such a comparison requires distinct parameters for these two structures, and shows the potential for achieving lower thresholds in the latter. 15, 48, 49 Here, we use the same range of parameters for the QD model and for its QW-like limit (except for τ c,e ). Thus, the QW-like model leads to lower thresholds, since it describes effectively a QD-based structure in the limit of instant capture. Nevertheless, this approach enables us to elucidate important qualitative differences between the QW-and QD-based spin-lasers.
First, we consider consequences of the finite capture rate, τ c > 0, for a spin-unpolarized laser, P Jn = 0, illustrated in the inset of Fig. 2 . Let J T be the threshold for a given τ c . For any J n > J T , the QD occupancies are independent of τ c and fulfill f qn± = f qp = f 0 , where f 0 is the occupancy pinned at the threshold value,
We normalize the light-injection characteristics using quantities in the limit of instant capture, τ c = 0. The total photon occupancy, f S = (f S+ + f S− )/2, is expressed in terms of
0 , (16) while the injection J n is normalized to
Unlike the pinned occupancies, J T increases with τ c (Fig. 2, inset) as
where In a model of a QW laser with no gain compression, the laser light intensity depends linearly on injection (we neglect the small deviations from linearity that appear around the thresholds when the coupling factor β > 0). A linear dependence is also found for the QD model with τ c = 0. In contrast, the QD model with τ c > 0 reveals a sub-linear dependence (Fig. 2, inset) , even though we do not introduce any gain-compression terms. 50 At higher injection the emission saturates, as discussed below for the spin-polarized injection scenario.
Next, we turn to the spin-polarized injection, i.e., P Jn = 0. Similarly to the QW model from Sec. I, our QD model predicts two lasing thresholds, 51 J T 1 < J T 2 , as shown in Fig. 2 , main panel. We find that, in general, the increase of J T 1 and J T 2 with τ c is quantitatively similar to the increase of J T . A particularly simple example is the minority threshold in the limit of τ snw → ∞ :
valid for any τ c , τ e , b q , g, τ ph , κ, and identical to the relation found for the QW-based laser. Such simple, universal relations are typical for the QW model, but not for the QD one with τ c > 0. Even with the simplifying assumptions: b q τ c ≪ 1, gτ ph = 2, large κ (i.e., f wn± , f wp ≪ 1), and τ snw,e → ∞, we obtain a more complicated ratio for the majority threshold
showing that the threshold reduction r, Eq. (1), depends on τ c . Equation (20) reduces to the simple QW-model result for τ c = 0 (Eq. 4 of Ref. 22 in the limit w→ 0, i.e., infinite spin relaxation time) . Figure 3 shows the evolution of J T 1 and J T 2 as a function of the capture time. We use a range of τ c , which reflects the scope of values found in previous works.
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We start from an initial set of parameters: τ ph = 1 ps, 2 b q τ ph = 0.01, 53 gτ ph = 2, 54 κ = 100, 55 P Jn = 0.5, τ snw,e → ∞, and then we vary some of the values to determine the relevant trends. The limit τ snw → ∞ enables us to obtain analytical formulas [such as Eq. (20)], we also present numerical results for τ snw = 100 and 200 ps, i.e., the order of magnitude found in experiments. Using these values, we calculate the "spin-filtering" interval, Eq. (2), from Eqs. (1) and (19) for P Jn = 0.5. It decreases monotonically from the maximum d = 1.36 for τ c = 0 to d = 1.32 for τ c = 200 ps, only a small shrinking of the "filtering" region.
In the limit of τ snw → ∞, we find that J T 1 , J T 2 , and J T rise uniformly with decreasing capture rate for a wide range of parameters, e.g., see the solid, dashed and crosses line in Fig. 3 . For decreasing τ snw /τ c , however, both J T 1 and J T 2 approach J T (dotted and dash-dotted line), so the values of r and d decrease. If the time that the electrons spend in the WL is not much shorter than τ snw , their spin polarization will be largely erased before capture by the QDs. The typical times, τ c ∼ 1 to 10 ps, make this scenario unlikely.
The influence of escape time τ e on the thresholds is modest. Keeping the ratio δ = τ c /τ e fixed, and increasing It is interesting to consider the influence of the optical matrix element of the lasing transition, M . Increasing |M | 2 results in a proportional increase of both g and b q ,
45
representing gain and radiative losses, respectively. The increase of the losses prevails, so that all the thresholds rise. The value of J T (τ c = 0) is an example: in Eq. (17) f 0 decreases with increasing g (increasing |M | 2 ) to the minimum 1/2, but b q grows indefinitely. Figure 3 shows the corresponding change of J T 1 and J T 2 on the example of a three-fold increase of |M | 2 . The matrix element modifies J T 1,2 to a different extent than J T . With growing |M | 2 , the threshold J T rises faster, which results in a higher r and d. For example, setting τ c = 10 ps and using the initial parameters, except for τ snw = 100 ps (appropriate for room temperature 56 ), we find r = 0.13, d = 0.52. These values increase to r = 0.22, d = 0.75 for gτ ph = 8 and b q τ ph = 0.04 (a four-fold increase of |M | 2 ). We find a similar improvement of r with increasing photon lifetime τ ph . The above value of r = 0.13 rises to 0.22, when τ ph changes from 1 to 4 ps. Thus, the detrimental effect of spin relaxation in WL can be mitigated by modifying laser parameters not related to spin.
Apart from increasing the thresholds, the limited supply of carriers to the lasing transition causes output saturation. This can be understood by looking at the regime of high injection. High J n drives the WL occupancies close to saturation, f wn± = f wp = 1, because the finite τ c limits carrier relaxation to QDs. In this regime, the capture rates approach their maxima, J L [see Eq. (18)], so that the injection into QDs no longer grows with J n . The asymptotic value of photon occupancy
is independent of P Jn . 51 We obtain f
, is zero for high injection, in contrast to the QW model, where P S → −P Jn . 22 This can be explained as follows. In a QW-laser model with no gain compression term, levels participating in the laser action are assumed to be replenished instantaneously (a characteristic relaxation time is ∼ 1 ps, Ref. 44 ). The capture process to the discrete, widely spaced QD levels is slower, 46 and must be treated explicitly in a realistic QD model. As noted above, this leads to f wn± 1 at sufficiently high J n , so the electrons captured into the QDs are spin-unpolarized and consequently P S → 0.
Finally, we note that the limited capture rate is not the only difference between QW-and QD-based lasers. Since f qα± ≤ 1, Eq. (15) imposes a lower limit on the gain required for lasing: gτ ph ≥ 1 for any P Jn , τ c and the other parameters. The QW model of Sec. I predicts no such limit. A more restrictive condition must be satisfied to maintain the full threshold reduction: gτ ph ≥ 1 + |P Jn | in the τ c → 0 limit. Decreasing gτ ph below 1 + |P Jn | results in a decrease of r, which vanishes completely, when gτ ph → 1. These effects are a direct consequence of the limited density of states at the lasing transition, a limitation that can be neglected in QW-based lasers operating at low powers. We also note that the upper bound f γα ≤ 1 must be enforced by including Pauli-blocking terms, otherwise the REs lead to incorrect results, also for P Jn = 0. For example, if the 1 − f q term in Eq. (10) is omitted (f q is any of the equal QD occupancies), the REs allow for the unphysical f q > 1, so that J T is always reached, even when gτ ph < 1. For gτ ph 1 and τ c ∼ 200 ps, the omission of 1 − f q leads to relative errors of J T as high as 30%.
IV. CONCLUSIONS
In this work we have developed a transparent rateequation approach, which has allowed for analytical results. Using this formalism, we have elucidated various trends in operation of QD spin-lasers, comparing them to their relatively well-known QW-based counterparts.
In particular, we have studied the consequences of finite capture rate by QD-confined levels, which participate in the lasing transition. To fully preserve the threshold reduction and the "spin-filtering" effects resulting from spin injection, the capture time has to be much shorter than the spin relaxation time in the wetting layer. Nevertheless, we have found that, when the spin relaxation lowers the electron spin polarization appreciably, the threshold reduction and the "spin-filtering" window can be partially restored by modifying some spin-independent laser parameters. Another consequence of the finite capture rate is saturation of stimulated emission as a function of injection. Furthermore, QD-and QW-based lasers have qualitatively different densities of the initial and final states of lasing transitions. The threshold reduction in QD lasers may be hindered by the small density of QD states, if the the gain g or the photon cavity lifetime are too small.
To take full advantage of the potential of electrical spin injection in QD spin-lasers, it is important to further improve their magnetic contacts (injectors). The current maximum temperature of 200 K for electrically injected spin-lasers using MnAs injector, 12 will likely be soon improved, since the same spin injector material was recently demonstrated to operate at room temperature. 57 Fe Schottky contacts have also been used to inject spins in (In,Ga)As QDs at room temperature. 58 For the surfaceemitting spin lasers, magnetic injectors with out-of-plane remanent magnetization would be desirable. 59 In such a geometry, the spin-laser operation is possible without the need to apply an external magnetic field, since the optical selection rules lead to circularly polarized light.
1 Encouraging results have been reported recently for spin light-emitting diodes utilizing MgO tunnel contacts, 59 which provide a very efficient room-temperature spin injection.
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